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ON ISOMORPHISMS BETWEEN WEIGHTED Lp-ALGEBRAS
YULIA KUZNETSOVA1 AND SAFOURA ZADEH2
Abstract. Let G be a locally compact group and ω be a continuous weight on
G. In this paper, we first characterize bicontinuous biseparating algebra isomor-
phisms between weighted Lp-algebras. As a result we extend previous results of
Edwards, Strichartz and Parrot on algebra isomorphisms between Lp-algebras to
the setting of weighted Lp-algebras. We then study the automorphisms of certain
weighted Lp-algebras on integers, applying known results on composition opera-
tors on classical function spaces.
1. Introduction and Preliminaries
Let G be a locally compact group with a fixed Haar measure denoted by λ. By
the group algebra on G we mean the convolution Banach algebra L1(G) of Haar-
integrable functions on G. It is well-known that continuous unitary representations
of G correspond canonically to non-degenerate involutive representations of L1(G).
This makes one wonder how far this correspondence goes, and in particular, if the
existence of an algebra isomorphism between two group algebras implies that the
underlying groups are isomorphic. In [Wen51], Wendel showed that, in general, the
answer to this question is negative. Therefore, we have to impose some constraints
on the isomorphisms.
In [Kaw48], Kawada proved that if we have a bipositive algebra isomorphism
between group algebras, then the underlying locally compact groups must be iso-
morphic. Wendel [Wen51] showed that the same conclusion holds for isometric
isomorphisms between group algebras. If we assume the algebra isomorphism is of
small bound instead of isometric, then as it is proved by Kalton and Wood [KW76],
the existence of an algebra isomorphism of norm less than a constant γ ≃ 1.2 . . .
between the group algebras implies that the underlying topological groups must be
isomorphic. Wood obtained later many interesting results on similar questions (see
for example [KW78], [Woo91], [Woo96] and [Woo01]).
The same questions have been asked for Lp-convolution algebras of compact
groups with p > 1. In [Edw65], Edwards proved that for 1 ≤ p < ∞, the existence
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of a bipositive algebra isomorphisms between Lp-algebras of compact groups implies
that the groups are isomorphic, and asked if a similar result holds if we consider
an isometric algebra isomorphism instead. Parrot [Par68] and Strichartz [Str66],
independently, provided an affirmative answer to Edward’s question for the case of
compact groups with 1 ≤ p < ∞, p 6= 2. When p = 2, as it is also mentioned
in [Str66, Page 861], L2(G) does not determine G. In fact, if for every positive inte-
ger k, the cardinality of the set of equivalence classes of irreducible representations
of dimension k of G is equal to the cardinality of the corresponding set of H , then
L2(G) is isometrically isomorphic to L2(H).
Adding a weight can considerably enlarge the class of algebras associated with
groups. Let G be a locally compact group, and let ω : G → R+ be a positive
continuous function. Define the Banach space Lp(G, ω) as
Lp(G, ω) := {f : G→ C | f is measurable and
∫
G
|f(x)|pω(x)pdx <∞},
with the norm ‖f‖p,ω :=
(∫
G
|f(x)|pω(x)pdx)1/p. So, when the weight ω ≡ 1, we
have the classical definition of Lp-spaces.
If ω(xy) ≤ ω(x)ω(y) for all x, y ∈ G, then L1(G, ω) is an algebra with respect to
convolution. Depending on the weight, these algebras can be quite different from
L1(G): An example is given already by the Beurling’s result [Be49] on whether or
not L1(G, ω) possesses the regularity property.
If G is not compact and p 6= 1, Lp(G) is not an algebra for convolution. However,
weighted Lp-spaces on non-compact groups, and in particular on any sigma-compact
group [K08] may form Banach algebras. For p > 1, a sufficient condition for Lp(G, ω)
to be a convolution algebra is ω−q ∗ ω−q ≤ ω−q with q such that 1/p + 1/q = 1.
Virtually all weights occuring in practice satisfy this condition.
It is natural to ask whether the presence of a weight can enlarge the set of iso-
morphisms between group algebras. Surprisingly, a weighted structure is as rigid as
an unweighted one: if there exists a bipositive [GZ17] or isometric [Zad16] algebra
isomorphism between L1(G, ω1) and L
1(H,ω2) then the groups G,H are isomorphic,
and the weights are linked by a multiplicative relation.
In Section 2 of this paper we investigate isomorphisms of weighted Lp-algebras
on locally compact groups with p > 1. Our approach unites both problems of
characterizing bipositive algebra isomorphism and isometric algebra isomorphism
into one problem of characterizing bicontinuous biseparating algebra isomorphisms
(an operator T is biseparating if both T and T−1 are disjointness preserving). By
doing so, we conclude that the existence of a bipositive or isometric (p 6= 2) algebra
isomorphism between Lp(G, ω1) and L
p(H,ω2), p ≥ 1, implies that the groups G,H
are isomorphic, and the isomorphism is of a canonical form: a weighted composition
operator induced by a group character and a group isomorphism.
As indicated before, without restriction on the norm there are isomorphisms of
group algebras which are not expresssed in this canonical form, even if the two
groups are the same. This can be observed most easily on the examples of finite
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groups. There is however a series of results which show that for certain groups, first
and foremost Z, there are very few isomorphisms of groups algebras. It follows from
the Beurling-Helson theorem that every isomorphism of ℓ1(Z) is either identical or
the composition with the map ϕ : n 7→ −n.
In Section 3 we apply some variants of the Beurling-Helson theorem to study the
automorphisms of the classical algebras ℓp(Z, ω) without restriction on the norm.
The result is that for polynomial weights, there is no nontrivial automorphisms for
all p ≥ 1, p 6= 2. We also provide some examples with fast-growing weights.
Notation. In the sequel, a weight on G is a positive continuous function ω : G→
R+ such that ω(xy) ≤ ω(x)ω(y), for all x, y ∈ G and ω(eG) = 1, where eG is the
identity element of G. By a weighted locally compact group, we mean a pair (G, ω),
where G is a locally compact group and ω is a weight function on G. Note that
Lp(G, ω) as a Banach space is isometrically isomorphic to Lp(G) via the mapping
Lp(G, ω)→ Lp(G); f 7→ fω.
Throughout the paper, χE denotes the characteristic function of a set E. Note
that the space Lp(G, ω) contains χE for every set E ⊂ G of finite measure.
Let (G, ω) be a weighted locally compact group. For x ∈ G, define the left and
right translation operators by
lxf(y) = f(x
−1y), rxf(y) = f(yx
−1),
where f ∈ Lp(G, ω) and y ∈ G. It follows from our assumptions on the weight that
both lx and rx are bounded on L
p(G, ω), with
‖lx‖ ≤ ω(x) and ‖rx‖ ≤ ω(x)∆(x)−1/p,
where ∆ is the modular function of G.
We recall that a linear operator L on Lp(G, ω) is a left multiplier if
L(f ∗ g) = L(f) ∗ g, f, g ∈ Lp(G, ω).
In particular, the mapping f 7→ lxf is a left multiplier on Lp(G, ω).
We conclude this section with some lemmas that are needed for our arguments in
Sections 2.
The following lemma is an analogue of [Lam58, Proposition 1], for weighted Lp-
algebras. The proof is an easy modification of the proof of [Lam58, Proposition 1]
and is therefore omitted.
Lemma 1.1. A bounded operator L : Lp(G, ω)→ Lp(G, ω) is a left multiplier if and
only if Lrx = rxL, for all x ∈ G.
The following is [K08, Lemma 4.1]:
Lemma 1.2. Let (G, ω) be a weighted locally compact group and f ∈ Lp(G, ω) be
given. The mapping x 7→ lxf ;G→ Lp(G, ω) is continuous.
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Lemma 1.3. Let (G, ω) be a weighted locally compact group. For every shrinking
basis {Uα} of compact neighbourhoods of the identity eG we have that
1
λ(Uα)
‖lxχUα‖pp,ω → ωp(x).
Proof. We have
1
λ(Uα)
∫
Uα
lxω
p(y)dy − ωp(x) = 1
λ(Uα)
∫
Uα
(
ωp(xy)− ωp(x)
)
dy → 0,
since ωp is continuous. 
Before we proceed with the next lemma let us remark that, using an approximate
identity of Lp(G, ω), we can see that if for some f ∈ Lp(G, ω)
h ∗ f = 0 h ∈ Lp(G, ω),
then we must have that f = 0, almost everywhere.
Lemma 1.4. If for some positive number γ and x ∈ G, we have that γ lx is both a
left multiplier of Lp(G, ω) and an algebra isomorphism, then γ = 1 and x = eG.
Proof. Since γ lx is both an algebra isomorphism and a multiplier we have that
γ lx(f) ∗ g = γlx(f ∗ g) = γ lx(f) ∗ γ lx(g), f, g ∈ Lp(G, ω).
That is,
γ lx(f) ∗ (g − γ lx(g)) = 0, f, g ∈ Lp(G, ω).
So, g−γ lx(g) = 0, that is g = γ lx(g) for every g ∈ Lp(G, ω). In particular, for every
g ∈ Cc(G) and y ∈ G, g(y) = γ g(xy). It now follows that x = eG and γ = 1. 
2. Biseparating algebra isomorphisms between weighted Lp-algebras
In this section, we first show that every bicontinuous biseparating algebra iso-
morphism T : Lp(G, ω1)→ Lp(H,ω2) is a weighted composition operator. We then
use this result to characterize both bipositive algebra isomorphisms (p ≥ 1) and
isometric algebra isomorphisms (p ≥ 1, p 6= 2) between weighted Lp-algebras.
Throughout this section, we assume that p ≥ 1. An operator T : Lp(X,Σ1, µ)→
Lp(Y,Σ2, ν) between measure spaces (X,Σ1, µ) and (Y,Σ2, ν) is called disjointness
preserving if f ·g = 0 implies that Tf ·Tg = 0. The operator T is called biseparating
if T is a bijection and both T and T−1 are disjointness preserving.
It is convenient to use the following terminology, as it was done in Definition 2.1
of [GZ17] in a more restrictive form. Let (G, ω1) and (H,ω2) be weighted locally
compact groups. A standard isomorphism (γ, ϕ) from (G, ω1) onto (H,ω2) consists
of the following data: an isomorphism of locally compact groups ϕ : G→ H , and a
continuous character γ : G→ C+ such that
0 < inf
x∈G
|γ(x)| (ω2 ◦ ϕ)(x)
ω1(x)
and sup
x∈G
|γ(x)| (ω2 ◦ ϕ)(x)
ω1(x)
<∞.(1)
ON ISOMORPHISMS BETWEEN WEIGHTED L
p
-ALGEBRAS 5
Let (G, ω1) and (H,ω2) be weighted locally compact groups, and suppose that
(γ, ϕ) is a standard isomorphism from (G, ω1) to (H,ω2). It is known that in this
case there exists a measure adjustment constant c ∈ R such that c = λ1(E)
λ2(ϕ(E))
for
every non-null measurable set E ⊂ G, where λ1 and λ2 are Haar measures on G and
H , respectively. Define Tγ,ϕ : L
p(G, ω1)→ Lp(H,ω2) by
(2) Tγ,ϕ(f) = c γ ◦ ϕ−1 · f ◦ ϕ−1.
It is straightforward to check that Tγ,ϕ is a well defined bicontinuous biseparating
algebra isomorphism. In what follows we show that the converse is also true: every
bicontinuous biseparating algebra isomorphism is of this form. The main tool for
our argument is Proposition 2.1 below which is inspired by the Banach-Lamperti
theorem stated in [Lam58, Theorem 3.1] and also [FJ03, Theorem 3.2.5].
Before we proceed with Proposition 2.1, we need to recall a terminology. Let
(X,Σ1, µ1) and (Y,Σ2, µ2) be measure spaces. A regular set isomorphism of Σ1 into
Σ2, defined modulo null sets, is a mapping Φ satisfying the following conditions:
(i) Φ(X \ A) = ΦX \ ΦA for all A ∈ Σ1;
(ii) Φ(∪∞1 An) = ∪∞n=1Φ(An) for disjoint An ∈ Σ1;
(iii) µ2(ΦA) = 0 if and only if µ1(A) = 0.
The Banach-Lamperti theorem deals with isometric isomorphisms, but its proof
goes by first showing that the map is disjointness preserving, what we impose in
Propositions 2.1 and 2.2 as an assumption. Thus, there is no need to provide a
proof of the Proposition.
Proposition 2.1. Let (X,Σ1, µ) be a sigma-finite measure space, (Y,Σ2, ν) be a
measure space and T : Lp(X,Σ1, µ)→ Lp(Y,Σ2, ν) be a linear disjointness preserving
operator. Then there are a regular set isomorphism Φ and a function h on Y such
that for every set E of finite measure
T (χE) = h · χΦ(E).
Decomposing the group G into cosets by an open sigma-compact subgroup and
applying the Banach–Lamperti theorem to every coset, one proves a variation of
Banach-Lamperti theorem which we will use:
Proposition 2.2. Suppose that (G, ω) and (H,ω2) are weighted locally compact
groups and T : Lp(G, ω1) → Lp(H,ω2) is a linear disjointness preserving opera-
tor. Then there is a regular set isomorphism Φ between the sigma-algebras of Haar
measurable subsets of G and H and a function h on H such that
T (χE) = h · χΦ(E)
for every set E ⊂ G of finite measure.
In the argument of our proof we make use of some particular left multipliers.
Lemma 2.3. Every bipositive left multiplier L on L1(G, ω) is a positive multiple of
a left shift.
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Proof. Let L be a bipositive left multiplier on L1(G, ω). Then by [GZ17, Lemma
4.1], there is a positive measure µ ∈M(G, ω) such that L(f) = µ ∗ f , f ∈ L1(G, ω).
Since L−1 is also a positive left multiplier, it follows that µ is an invertible positive
measure with a positive inverse. Therefore by [GZ17, Proposition 1.3.(i)], µ must be
a positive multiple of a pointmass, say αδx, and therefore L(f) = αlx(f), for every
f ∈ L1(G, ω). 
Lemma 2.4. Every bicontinuous biseparating left multiplier L on Lp(G, ω) is a
scalar multiple of a left shift.
Proof. Let L : Lp(G, ω)→ Lp(G, ω) be a biseparating left multiplier. We will show
that L generates a bipositive left multiplier L′ on L1(G, ω) such that for a constant
d we have that 1
d
L = L′ on characteristic functions of open sets with finite measure.
By Lemma 2.3, L′ is then a scalar multiple of a left shift and therefore L must be a
scalar multiple of a left shift.
By Proposition 2.2, there is a measurable function h on G such that for each set of
finite measure E, we have that L(χE) = h · χΦ(E). We will show that h is constant.
First note that Φ(G) = G (up to a null set), otherwise one could pick a subset
Y ⊂ G \ Φ(G) with 0 < λ(Y ) < ∞, and then we would have χY and L(χE) have
disjoint supports for every measurable subset E of finite measure, whence L−1(χY )
and χE have disjoint supports, and thus L
−1(χY ) = 0; but this contradicts the
assumption that L−1 is a bijection.
Now suppose that h is not constant. Then there exist x ∈ G and a set E of
nonzero finite measure such that rxh(y) 6= h(y) for y ∈ E. Moreover, we can assume
that λ(Φ−1(E)) < ∞ and λ(Φ−1(Ex−1)) < ∞. Set F = Φ−1(Ex−1) ∪ Φ−1(E)x−1,
then Ex−1 ⊆ Φ(F ) and E ⊆ Φ(Fx). For y ∈ E, we have
rxL(χF )(y) = LχF (yx
−1) = h(yx−1)χΦ(F )(yx
−1) = h(yx−1)
and
LrxχF (y) = LχFx(y) = h(y)χΦ(Fx) = h(y).
Thus, h(yx−1) = h(y) for almost every y ∈ E, which is a contradiction. Therefore,
there is a constant d such that
(3) L(χE) = dχΦ(E)
for every measurable set E ⊂ G of finite measure. Since dλ(Φ(E))1/p ≤ ‖L‖λ(E)1/p,
it follows easily that 1
d
L is a bounded map on every Lp class, in particular on L1.
From (3) it is seen that 1
d
L is bipositive, and hence by Lemma 2.3, L is a multiple
of a left shift. 
Theorem 2.5. Let (G, ω1) and (H,ω2) be weighted locally compact groups. Let
T : Lp(G, ω1) → Lp(H,ω2) be a bicontinuous biseparating algebra isomorphism.
Then there exists a standard isomorphism (γ, ϕ) from (G, ω1) to (H,ω2), such that
T = Tγ,ϕ.
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Proof. Let T : Lp(G, ω1) → Lp(H,ω2) be a biseparating algebra isomorphism. For
every x ∈ G, the mapping
T lxT
−1 : Lp(H,ω2)→ Lp(H,ω2)
is a biseparating left multiplier. Therefore, by Lemma 2.4, T lxT
−1 is a scalar multiple
of a left translation on Lp(H,ω2). Let ϕ : G→ H and γ : G→ C be such that
T lxT
−1 = γ(x)lϕ(x).
Let {Uα}α∈I be a shrinking basis of symmetric precompact neighbourhoods of
identity in H all contained in some fixed precompact neighbourhood of identity, say
U . Since T and T−1 are bounded operators and ‖lx‖ ≤ ω1(x), we have, for every α
‖γ(x)lϕ(x)(χUα)‖p,ω2 = ‖T lxT−1(χUα)‖p,ω2 ≤ ‖T‖ ‖T−1‖ ω1(x) ‖χUα‖p,ω2.
Since by Lemma 1.3,
1
λ2(Uα)
‖lϕ(x)(χUα)‖pp,ω2 → ωp2(ϕ(x)) and
1
λ2(Uα)
‖χUα‖pp,ω2 → 1,
we have that
|γ(x)| ω2(ϕ(x)) = lim
α
|γ(x)| ‖lϕ(x)(χUα)‖p,ω2
λ2(Uα)
1
p
≤ lim
α
‖T‖ ‖T−1‖ ω1(x) ‖χUα‖p,ω2
λ2(Uα)
1
p
≤ ‖T‖ ‖T−1‖ω1(x).
(4)
Let now {Vα}α∈J be a shrinking basis of symmetric precompact neighbourhoods of
identity in G. Since T−1(T lxT
−1)T (χVα) = lx(χVα), we have
‖lx(Vα)‖p,ω1 = ‖T−1(T lxT−1)T (χVα)‖p,ω1 ≤ ‖T−1‖‖γ(x) lϕ(x)T (χVα)‖p,ω2
≤ ‖T−1‖ |γ(x)| ω2(ϕ(x)) ‖T (χVα)‖p,ω2
≤ ‖T−1‖ |γ(x)| ω2(ϕ(x)) ‖T‖ ‖χVα‖p,ω1.
Using the same argument as in (4), we have that
(5) ω1(x) ≤ ‖T−1‖ ‖T‖ |γ(x)| ω2(ϕ(x)).
Thus, for the mappings ϕ : G→ H and γ : G→ C∗ we have that
0 < inf
x∈G
|γ(x)| (ω2 ◦ ϕ)(x)
ω1(x)
and sup
x∈G
|γ(x)| (ω2 ◦ ϕ)(x)
ω1(x)
<∞.(6)
We show next that ϕ : G→ H is an isomorphism of locally compact groups and γ :
G→ C∗ is a continuous character. First we show that ϕ and γ are homomorphisms.
To see this, first note that for every x and y in G we have that
(7) γ(xy)lϕ(xy) = T lxyT
−1 = T lxT
−1T lyT
−1 = γ(x)γ(y)lϕ(x)ϕ(y).
Let f ∈ Cc(H) be such that f(ϕ(xy)−1) = f(ϕ(y)−1ϕ(x)−1) = 1. Then using equa-
tion (7)
γ(xy) = γ(xy)lϕ(xy)f(eG) = γ(x)γ(y)lϕ(x)ϕ(y)f(eG) = γ(x)γ(y),
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and therefore γ is a homomorphism. It now follows from equation (7) that lϕ(xy) =
lϕ(x)ϕ(y). In particular this means that for every function f ∈ Cc(H) we have that
f(ϕ(xy)−1) = lϕ(xy)f(eG) = lϕ(x)ϕ(y)f(eG) = f(ϕ(y)
−1ϕ(x)−1).
Since G is a completely regular topological space, we must have that ϕ(xy)−1 =
(ϕ(x)ϕ(y))−1, and therefore, ϕ is a homomorphism.
Now we show that ϕ and γ are continuous. To see this, suppose that x in G
is given, and suppose that (xα) is a net in G converging to x. We first show that
ϕ(xα)→ ϕ(x). Let ϕ(x)U be a compact neighbourhood of ϕ(x). Let W be a neigh-
bourhood of the identity such thatWW−1 ⊆ U . Then for every f ∈ Lp(H,ω2), using
Lemma 1.2 and since both T and T−1 are bounded, we have that T lxαT
−1(f)
‖.‖p,ω2−−−−→
T lxT
−1(f), that is γ(xα)lϕ(xα)f
‖.‖p,ω2−−−−→ γ(x)lϕ(x)f . Setting f = χW , we see that for
ε0 := ‖γ(x)lϕ(x)(χW )‖p,ω2 there is α0 such that
‖γ(xα)lϕ(xα)(χW )− γ(x)lϕ(x)(χW )‖p,ω2 < ε0
for every α > α0. We claim that for every α > α0, ϕ(xα) belongs to ϕ(x)U . Suppose
on the contrary, that for some α1 > α0, ϕ(xα1) 6∈ ϕ(x)U . Then, ϕ(xα1)W∩ϕ(x)W =
∅, so the functions lϕ(xα1 )(χW ) and lϕ(x)(χW ) have disjoint supports. Therefore,
‖γ(xαi)lϕ(xαi)(χW )− γ(x)lϕ(x)(χW )‖p,ω2 = ‖γ(xαi)lϕ(xαi)(χW )‖p,ω2 + ‖γ(x)lϕ(x)(χW )‖p,ω2
≥ ‖γ(x)lϕ(x)(χW )‖p,ω2 = ε0,
a contradiction. Thus, we must have ϕ(xα)→ ϕ(x).
We show next that (γ(xα)) converges to γ(x). Suppose that on the contrary
γ(xα) 6→ γ(x). Then by going through a subnet we can assume that there is ε0 > 0
such that |γ(xα)→ γ(x)| > ε0. Since ϕ(xα)→ ϕ(x), there is a compact neighbour-
hood of identity W such that ϕ(xα) ∈ ϕ(x)WW−1 (note that ϕ(xα)W ∩ ϕ(x)W is
a nonempty compact set). Set m := inf{ωp2(y) : y ∈ ϕ(xα)−1W ∩ ϕ(x)−1W}, then
we have that
‖γ(xα)lϕ(xα)(χW )− γ(x)lϕ(x)(χW )‖pp,ω =
∫
|γ(xα)χϕ(xα)W − γ(x)χϕ(x)W |p(y)ωp2(y) dy
≥ m
∫
ϕ(xα)W∩ϕ(x)W
|γ(xα)− γ(x)|p dy ≥ mεp0,
a contradiction. So, (γ(xα)) converges to γ(x).
Now we show that ϕ is a homeomorphism. Applying the reasoning above to T−1,
we conclude that there are continuous homomorphisms ϕ′ : H → G and γ′ : H → C
such that T−1lyT = γ
′(y)lϕ′(y) for every y ∈ H . Now, for each g ∈ Lp(H,ω2), if we
let f := T−1(g), we have that
lyg = T (T
−1lyTf) = T (γ
′(y)lϕ′(y)f)
= T (γ′(y)lϕ′(y)T
−1g) = γ′(y)γ ◦ ϕ′(y)lϕ◦ϕ′(y)g.
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Thus, ϕ(ϕ′(y)) = y, for every y in H . Similarly, we can see that ϕ′(ϕ(x)) =
x, for every x in G. Therefore, ϕ is a bijection. Since ϕ′ is continuous, ϕ is a
homeomorphism.
Now, consider the biseparating algebra isomorphism Tγ,ϕ : L
p(G, ω1)→ Lp(H,ω2).
A straightforward calculation shows that for every y in H ,
TT−1γ,ϕryTγ,ϕT
−1 = ry.
Therefore, by Lemma 1.1, the biseparating algebra isomorphism TT−1γ,ϕ is also a left
multiplier. It follows from Theorem 2.4 that there exist a constant ζ and an element
z in H such that TT−1γ,ϕ = ζlz. Now by Lemma 1.4 we have that TT
−1
γ,ϕ is the identity
operator on Lp(H,ω2), and so T = Tγ,ϕ. 
We now proceed to bipositive algebra isomorphisms and isometric algebra isomor-
phisms. An element f ∈ Lp(G, ω) is called positive if f(x) ≥ 0, λ-a.e. for x ∈ G. An
operator T : Lp(G, ω1) → Lp(H,ω2) is positive if T (f) ≥ 0 whenever f ≥ 0. The
operator T is called bipositive if T is a bijection and both T and T−1 are positive
operators.
Proposition 2.6. Let T : Lp(G, ω1) → Lp(H,ω2) be an algebra isomorphism such
that T is bipositive, or T is an isometry and p 6= 2; then T is bicontinuous and
biseparating.
Proof. Suppose first that T is bipositive. By [AB85, Thm.4.3], T and T−1 are
bounded operators. Positivity implies that T maps the subspace of real-valued
functions LpR(G, ω) ⊂ Lp(G, ω) to itself, and on this subspace |T (f)| = T (|f |) (see
also [MN]). For f, g ∈ LpR(G, ω) then f ·g = 0 implies |f∧g| = 0 and |T (f)∧T (g)| =
0, so that T is disjointness preserving on LpR(G, ω). It is now not hard to see that T
is disjointness preserving on all of Lp(G, ω). By symmetry T−1 is also disjointness
preserving and therefore T is biseparating.
If T : Lp(G, ω1) → Lp(H,ω2) is a linear isometry, since Banach spaces Lp(G, ω1)
and Lp(H,ω2) are isometric to L
p(G) and Lp(H), respectively, it follows from
[Lam58, Corollary 2.1] that T is disjointness preserving. 
Corollary 2.7. Let T : Lp(G, ω1)→ Lp(H,ω2) be an algebra isomorphism.
(i) If T is bipositive then T = Tγ,ϕ for some standard isomorphism (γ, ϕ) from
(G, ω1) to (H,ω2) with γ : G→ R+.
(ii) If T is isometric and p 6= 2 then T = Tγ,ϕ for some standard isomorphism
and the ratio ω1/ω2 ◦ ϕ is a homomorphism.
Proof. (i) It follows from Theorem 2.5 and Proposition 2.6 that T = Tγ,ϕ for some
standard isomorphism (γ, ϕ) from (G, ω1) to (H,ω2). Since both T and T
−1 are
bipositive the multiplier T lxT
−1 in the proof of Theorem 2.5 is also bipositive, so
that γ(x) > 0.
(ii) It follows from Theorem 2.5 and Proposition 2.6 that T = Tγ,ϕ for some
standard isomorphism (γ, ϕ) from (G, ω1) to (H,ω2). Since ‖T‖ = ‖T−1‖ = 1,
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inequalities (4) and (5) imply that
ω1(x) ≤ |γ(x)| ω2(ϕ(x)) ≤ ω1(x).
Thus, |γ| = ω1
ω2 ◦ ϕ , so that this ratio is multiplicative. 
3. Algebra automorphisms of ℓp(Z, ω)
In this section we describe automorphisms of a family of weighted algebras ℓp(Z, ω),
applying known resutls on composition operators and in particular the Beurling-
Helson theorem.
Set ωa(n) = max(1, |n|a), a ≥ 0. It is known that for a ≥ 1, the weighted space
ℓp(Z, ωa) is a convolution algebra. For a > b, we have ℓ
p(Z, ωa) ⊂ ℓp(Z, ωb).
Theorem 3.1. Suppose that a ∈ Z and either a ≥ 1 and p = 1 or a ≥ 2 and p > 1.
Let T : ℓp(Z, ωa)→ ℓp(Z, ωa) be an algebra isomorhism. Then T can be extended to
a continuous operator on ℓp(Z) and this extention is a linear isomorphism.
Proof. Denote the space ℓp(Z, ωa) by Lp,a. Note that Lp,a ⊂ L1,a−1 (this is checked by
a direct calculation). It is known that Lp,a is an algebra with respect to convolution
if p = 1, a ≥ 0 and p > 1, a ≥ 1. Moreover, Lp,a is a module over L1,a for every
a ≥ 0. The spectrum of every algebra in this class is the unit circle T [GRS,K09].
Further we denote by f̂ the Gelfand transform of f ∈ Lp,a, f̂ : T→ C. Consider the
formal derivation on Lp,a: (f ′)n = (n+1)fn+1. It is readily seen that f ′ ∈ Lp,a−1 for
every f ∈ Lp,a.
Let us prove first that T can be extended to Lp,a−1. For every z ∈ T, the map
f 7→ (̂Tf)(z) is a character of Lp,a, which is obviously nonzero, so that there exists
uz ∈ T such that (̂Tf)(z) = f̂(uz). Denote ϕ(z) = uz; we get a map ϕ : T → T.
Denote by δ1 ∈ Lp,a the indicator function of 1; one can verify that ϕ = T̂ δ1. This
implies, in particular, that ϕ ∈ L̂p,a.
Since T is invertible, the equation Tf = δ1 has a solution in Lp,a which has of
course the Gelfand transform ϕ−1; this implies that (ϕ−1)′ = 1/ϕ′ ∈ L̂p,a−1.
For every f ∈ Lp,a, we have by assumption T̂ f = f̂ ◦ ϕ ∈ L̂p,a. The formal
derivative of a composition satisfies the usual formula (what can be checked by
continuity and by its values on δn1 ); then, (f̂ ◦ ϕ)′ = (f̂ ′ ◦ ϕ) · ϕ′ ∈ L̂p,a−1. Since
1/ϕ′ ∈ L̂p,a−1 and this is an algebra, we have also f̂ ′ ◦ ϕ ∈ L̂p,a−1.
For g = (gn) ∈ Lp,a−1, set f0 = 0 and fn = gn/n for n 6= 0. We have f ∈ Lp,a,
and one calculates that f̂ ′(z) =
∑
nfnz
n−1 =
∑
n 6=0 gnz
n−1 = (ĝ(z) − g0)/z. As
f̂ ′ ◦ ϕ ∈ L̂p,a−1, it follows that (ĝ ◦ ϕ)/ϕ ∈ L̂p,a−1.
Since ϕ ∈ L̂p,a, we have also ϕ ∈ L̂1,a−1, so that ĝ◦ϕ ∈ L̂p,a−1 for every g ∈ Lp,a−1.
The operator g 7→ (ĝ ◦ ϕ)ˇ is an extension of T , and it is clear that it is bounded on
L̂p,a−1 and is an isomorphism.
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Applying this reasoning by induction, we get the statement of the theorem for
p = 1 and a ≥ 1.
For p > 1, we arrive by induction at an isomorphism of Lp,1 which is of the
form g 7→ (ĝ ◦ ϕ)ˇ with ϕ ∈ Lp,2, by the initial assumption of the theorem. The
above proof cannot be applied directly (with a = 1) to extend it to Lp,0 = ℓp(Z)
since Lp,0 is not an algebra anymore. However, this fact (Lp,a−1 being an algebra)
is used only to show that ĥ/ϕ′ ∈ L̂p,a−1 for all h ∈ Lp,a−1, with ĥ = (f̂ ◦ ϕ)′. In
our assumptions, the inclusion ĥ/ϕ′ ∈ L̂p,0 = ℓ̂p(Z) holds for all h ∈ ℓp(Z) since
1/ϕ′ ∈ L̂p,a−1 ⊂ L̂1,a−2 ⊂ ℓ̂1(Z). This allows to conclude, finally, that T extends to
ℓp(Z), also as a bounded isomorphism. 
Corollary 3.2. Suppose that a is an integer and either a ≥ 1 and p = 1 or a ≥ 2
and p > 1. Let T : ℓp(Z, ωa) → ℓp(Z, ωa) be an algebra isomorhism. Then there is
λ ∈ T such that either (Tf)n = λnfn or (Tf)n = λnf−n for all f ∈ ℓp(Z, ωa) and all
n ∈ Z.
Proof. By Proposition 3.1, T extends to an isomorphism of ℓp, which is a composition
operator Cϕ with ϕ ∈ ℓp(Z, ωa). If p = 1, it follows from the Beurling-Helson
theorem that ϕ has the form ϕ(z) = zmλ for some m ∈ Z and λ ∈ T. Applying the
same reasoning to T−1, we conclude that ϕ−1(z) = (z/λ)1/m is also a monomial in
z, what implies that m = ±1, so that Tf is as described in the statement.
If p > 1 and a ≥ 2, the result follows from a generalisation of Beurling-Helson
theorem given by Lebedev and Olevskii [LO]: if ϕ : T → T is a C1 function of the
argument and the composition operator given by ϕ is bounded on ℓp(Z), then ϕ is
a monomial. In our case, ϕ ∈ ℓp(Z, ωa), what implies ϕ ∈ C1. The rest is proved as
in the ℓ1 case. 
For a = 1 and p > 1 the question is open.
For fast growing weights we can observe a similar behaviour:
Example 3.3. Let w be a weight on Z of one of the two forms: wn = e
nγ , 0 < γ < 1,
or wn = a
|n|(1 + n2), a > 1. Then the elementary Blaschke product br(z) =
z − r
1− rz ,
r > 0, does not define a bounded composition operator on ℓp(Z, w) for any p 6= 2.
Proof. Case 1: wn = e
nγ , 0 < γ < 1. The spectrum of the algebra ℓp(Z, w) is
still T, as in the unweighted case [GRS, K09]. We have Ĉbrδn = b
n
r on T. Set
αr = (1+r)/(1−r) and kn = [αn]. It is known [SZ] that bˇr(kn) ≥ crn−1/3 as n→∞,
with a constant cr > 0. It follows that ‖(bnr )ˇ ‖p,w = ‖Cbrδn‖p,w ≥ crwknn−1/3 ≥
cre
αγnγ−1n−1/3. At the same time, ‖δn‖p,w = wn = enγ . Since e(αγ−1)nγn−1/3 → ∞,
n→∞, the operator Cbr cannot be bounded.
Case 2: wn = a
|n|(1 + n2), a > 1. One verifies that br ∈ ℓp(Z, w) iff r < 1/a.
For these values of r and positive n, we reason as above: ‖(bnr )ˇ ‖p,w = ‖Cbrδn‖p,w ≥
crwknn
−1/3 ≥ craαn−1n−1/3. At the same time, ‖δn‖p,w = wn = an(1 + n2), and we
conclude that Cbr cannot be bounded. 
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We conclude this section with a family of examples of non-standard almost isomet-
ric isomorphisms on ℓ2(Z, ω). It is well known that L2 spaces admit non-standard
isometries, and in particular, the algebras L2(G) of a compact group G [Str66]. In-
troducing a weight on G can make L2(G, ω) a convolution algebra, which would still
allow for non-standard automorphisms. We find it interesting, however, to look at
the question from the following side.
There is a detailed theory of composition operators on Hardy spaces [Sh] in-
cluding their weighted variants [GP]. It provides among others almost isometric
non-standard operators on the spaces ℓ2(Z+, ω). Below, we show that this gives
examples of non-standard almost isometric automorphisms of the algebras ℓ2(Z, ω).
Proposition 3.4. Let a > 1 be an integer and ω(n) = max(1, |n|a). For every
ε > 0, there exists an isomorphism Tε : ℓ
2(Z, ω) → ℓ2(Z, ω) of distortion less than
1 + ε which is not given by a weighted automorphism of Z.
Proof. It is known [Zor90] that the weighted Hardy space H2(ω) with the same
weight (ωn)n≥0 is composition invariant with respect to any holomorphic automor-
phism of the unit disk. In particular, for the function ϕ(z) =
z − r
1− rz , 0 < r < 1,
the norm of composition operator is bounded by (1 + r)Λ/(1− r)Λ with a constant
Λ depending on the weight [GP]. We will show that the operator Cϕ : f 7→ (f̂ ◦ ϕ)ˇ
is well defined on ℓ2(Z, ω) and estimate its norm.
For f ∈ ℓ2(Z, ω), set
f+(z) =
∞∑
n=1
fnz
n, f−(z) =
∞∑
n=1
f¯−nz
n,
then
f̂(z) = f0 + f+(z) + f−(z),
and
f̂ ◦ ϕ(z) = f0 + f+ ◦ ϕ(z) + f− ◦ ϕ(z).
As f+, f− ∈ H2(ω), we have that f+ ◦ ϕ, f+ ◦ ϕ are in H2(ω), so that
f̂ ◦ ϕ(z) = f0 + (f+ ◦ ϕ)(0) +
∑
n>0
(f+ ◦ ϕ)nzn + (f− ◦ ϕ)(0) +
∑
n<0
(f− ◦ ϕ)−nzn
= f(ϕ(0)) +
∑
n>0
(f+ ◦ ϕ)nzn +
∑
n<0
(f− ◦ ϕ)−nzn.
The three summands above are orthogonal in ℓ2(Z, ω), thus
‖Cϕ(f)‖22,ω = |f(ϕ(0))|2 + ‖f+ ◦ ϕ‖22,ω + ‖f− ◦ ϕ‖22,ω
≤ |f(ϕ(0))|2 +
(1 + r
1− r
)2Λ(
‖f+‖22,ω + ‖f−‖22,ω
)
.
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We can estimate
|f(ϕ(0))| = |f(−r)| ≤ |f0|+ |f+(−r)|+ |f−(−r)| ≤ |f0|+
∑
n>0
rn|fn|+
∑
n<0
rn|fn|
≤ |f0|+ r
(∑
n 6=0
r2(n−1)
ω(n)2
)1/2(∑
n 6=0
|fn|2ω(n)2
)1/2
≤ |f0|+ r d ‖f − f0‖2,ω,
where d =
(∑
n 6=0 ω(n)
−2
)1/2
. Next,
‖Cϕ(f)‖22,ω ≤
(|f0|+ r d ‖f − f0‖2,ω)2 + (1 + r
1− r
)2Λ(
‖f+‖22,ω + ‖f−‖22,ω
)
= |f0|2 + 2rd|f0| · ‖f − f0‖2,ω + r2d2‖f − f0‖22,ω +
(1 + r
1− r
)2Λ
‖f − f0‖22,ω
≤ |f0|2 + 2rd‖f‖22,ω +
(
r2d2 +
(1 + r
1− r
)2Λ)
‖f − f0‖22,ω
≤
(
2rd+ r2d2 +
(1 + r
1− r
)2Λ)
‖f‖22,ω.
Denoting
K(r) =
(
2rd+ r2d2 +
(1 + r
1− r
)2Λ)1/2
,
we have ‖Cϕ‖ ≤ K(r).
The inverse operator to Cϕ is Cψ with the function ψ(z) =
z + r
1 + rz
and has the
norm ‖Cψ‖ ≤ K(−r). Since K(r)→ 1, r → 0, this proves the proposition. 
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